One of the most studied problems in additive number theory, Goldbach's conjecture, states that every even integer greater than or equal to 4 can be expressed as a sum of two primes. In this paper checking of this conjecture up to 4 • 10" by the IBM 3083 mainframe with vector processor is reported.
Introduction
The Goldbach conjecture states that every even integer greater than or equal to 4 can be expressed as a sum of two primes. This problem appeared for the first time in a letter from Goldbach to Euler in the year 1742.
A direct consequence of the Goldbach conjecture would be that every odd integer greater than or equal to 7 can be expressed as a sum of three primes.
It should be noted, that Goldbach treated the number 1 as a prime. Here we consider the number 2 as the first prime.
Mok Kong Shen [1] reported in 1964 about checking the Goldbach conjecture up to 33,000,000. Stein and Stein [2] checked the conjecture up to 108 in 1965 and Light, Forrest, Hammond, and Roe [4] in 1980 up to the same bound, independently. To the best of our knowledge the latest published result is due to Granville, van de Lune, and te Riele [5] , who checked the conjecture up to 2-1010 in 1989.
As in [5] , we will use the following terminology. By minimal Goldbach partition for an even integer n we mean the representation « = p + q, where p and q are primes and p is such that « -p' is composite for every prime p' < p . The smallest prime in the minimal Goldbach partition of n is denoted by p(n). For every prime q we denote by S(q) the least even number « such that p(n) = q .
On the computational process
The basic method used in our computations was Eratosthenes' sieve method. No primality test was needed in the actual computational process.
The details of the method have been presented in [5] . This paper also includes some valuable statistics concerning the subject. The published values in [5] agree with our results.
At the first step a bit matrix representing the prime numbers up to 1048576 ( = 220 ) was made by using Eratosthenes' sieve method. A 32-bit integer array of 32768 elements (= 1048576/32) was needed for this. Every integer [1, 1048576] was represented by one bit in this table. These primes were stored into another integer table. This table can be used to make prime number tables on intervals up to 240 ( « 1.0995 • IO12), using Eratosthenes' sieve method.
The basic step size was chosen as 22-3-5-7'll-13-17 = 1021020. Hence, an interval of more than one million numbers was checked at a time. This selection made the program run faster since we did not need to use the small primes from 2 to 17 in the sieving process. The divisibility by the primes from 19 up to the square root of the last integer of the interval had to be checked by sieving.
The addition of small primes was replaced by shifting of the bit matrix as a whole by the number of bits corresponding to these prime values. The shifted bit matrices were joined together using the logical OR operation. The remaining zeros were handled separately.
The programs were written in VS FORTRAN and interpreted by the IBM FORTVS2 vectorizing interpreter. The logical (IAND, IOR) and shifting operations (ISHFT) available in FORTRAN were used whenever it was possible. The main parts of the program vectorized quite effectively. 
The results
In Table 1 we list the champions for the p(ri) function: values of « such that p(m) < p(n) for all even integers m < «. This table is an extension of Table 3 in [3] (up to n = 40 • 106) and of Table 3 in [5] (by four new entries).
As in [5] , we list the quotient q\ = log(«)/(log/?(«))2 and also the quotient Qi =/>(«)/((log«)2loglog«).
It was conjectured on probabilistic grounds in [5] that the latter quotient would be bounded above and for all « > 10, that is, we should have p(ri) « (log«)2 log log« . Table 1 implies that for all even « < 4 • 10" we have p(n) < 3163. Table 2 presents a list of champions for the function S(p), that is, primes p such that S(q) < S(p) for all primes q < p . 
Remarks
Vinogradov showed in 1937 that every odd integer which is large enough can be expressed as a sum of three primes. Several authors have since then improved the lower bound in this statement and it has been shown to be true for every odd integer n greater than exp(exp(l 1.503)) « IO43000 [6] .
On the other hand, let « be an odd integer. If there is a prime p\ on the interval (« -4 • 1011, n -2), then n-p\ is even and it can be expressed as a sum of two primes, say « -p\ = p2+ Pi. Thus n = p\ + p2+ P3 ■ Hence, the Vinogradov statement has been checked up to the first prime number gap (the difference between two consecutive primes) of 4 • 1011 integers.
Large prime number gaps seem to be quite rare. Young and Potier [7] have investigated prime number gaps up to 7.263 • 1013. The largest gap found by them was 778 . It may be that there is no prime number gap of length 4 • 1011 or larger below exp(exp(l 1.503)).
CPU-TIME
Verification of the Goldbach conjecture required about 130 hours of cpu-time on the IBM 3083 mainframe. In total, about 170 hours of computing time was used on this project.
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